We studied holographic insulator/superconductor phase transition in the framework of Born-Infeld electrodynamics both numerically and analytically. First we numerically study the effects of the Born-Infeld electrodynamics on the phase transition, find that the critical chemical potential is not changed by the Born-Infeld parameter. Then we employ the variational method for the Sturm-Liouville eigenvalue problem to analytically study the phase transition. The analytical results obtained are found to be consistent with the numerical results.
Introduction
The AdS/CFT correspondence [1, 2, 3] which relates string theory on asymptotically AdS spacetime to a conformal field theory on the boundary, has been extensively applied in nuclear physics and condensed matter physics. In particular the related developments of dual gravitational models which describe insulator/superconductor phase transitions in condensed matter physics have been proposed in [4, 5] .
The Einstein-Maxwell theory coupled to a charged scalar field would be the simplest model for holographic superconductor. In this model, there exists a critical temperature T c [4] , below which charged AdS black holes may have non-zero scalar hair. In the context of AdS/CFT connection, a charged scalar field is dual to an operator which carries the global U(1) charge. Having non-zero scalar hair indicates that the expectation value of dual operator is non-zero which leads to the break of global U(1) symmetry, thus can be understood as a second order conductor/superconductor phase transition. The behavior of AC conductivity in these phases [5] make the interpretation above reliable.
There have been many discussions concerning holographic superconductor models among which general relativity coupled to Maxwell field plus a charged scalar field attracts most attention [6] - [18] and the related Lagrangian is
However,the non-linear extension of the original Maxwell electrodynamics to Born-Infeld (BI) model [28] also caused intensive investigations [19] - [27] , since BI electrodynamics possesses many interesting physical properties as finite total energy and the invariance under electromagnetic duality. In string theory, BI action can also describe gauge fields which arise from D-brane attached with open strings [29, 30] . The effects of BI electrodynamics on the holographic superconductors in the background of Ads-Schwarzschild black hole spacetime has been analyzed numerically in [22] and analytically in [25] .The results shows it is much more difficult to have scalar condensation in BI electrodynamics which is similar to the one of holographic superconductors in Einstein-Gauss-Bonnet gravity [8, 15] , where the higher curvature corrections make condensation harder. The authors of [10] have constructed a model describing an insulator/superconductor phase transition at zero temperature, using a five dimensional AdS soliton in an EinsteinMaxwell-charged scalar field. The generalization of holographic insulator/superconductor has been carried out [31, 32, 33] .The aim of the present article is to extend holographic insulator/superconductor in the framework of Born-Infeld electrodynamics. The main purpose here is to see what effect of Born-Infeld scale parameter on the holographic insulator/superconductor. With both numerical and analytic method, we find a bit unexpected result that the effect of Born-Infeld electrodynamics is too small to be seen in our study, but it is consistent with [27] , which state that "the critical chemical potential is not changed by the coupling parameter b".
The paper is organized as follows. In section 2 we study holographic insulator/superconductor in the framework of Born-Infeld electrodynamics in the probe limit. We numerically calculate the critical chemical potential µ c , the condensations of the scalar operators O and charge density ρ. We also study the conductivity of the theory. In section 3 we reproduce the same result as the numerical one for the critical chemical potential µ c by the Sturm-Liouville analytical method. The last section is devoted to conclusions.
Numerical analysis of the critical chemical potential µ c
In order to construct the holographic insulator/superconductor phase transition, we consider the fixed background of five dimensional AdS soliton, e.g. in the probe limit. The Ads soliton metric reads
where L is the AdS radius and r 0 the tip of the soliton which is a conical singularity in this solution. Essentially this solution can be obtained from a five dimensional AdS black hole solution by making use of double Wick rotations [10] . We can also set L = 1 and r 0 = 1 without the loss of generality. We now consider a charged complex scalar field and an electric field in the above background, we investigate Born-Infeld electrodynamics instead of Maxwell's therefore the corresponding Lagrangian density can be
where ψ is a charged complex scalar field, L BI is the Lagrangian density of the Born-Infeld electrodynamics
The BI coupling parameter b describes the nonlinearity of electrodynamics. The above BI lagrangian could be reduced to Maxwell lagrangian − 1 4 F µν F µν naturally in the limit b → 0 . We further assume that the BI coupling parameter b is small,since the Ads Soliton of background spacetimes is the solution of the Einstein equation in Einstein-Maxwell-scalar field theory.
To study the insulator/superconductor phase transition we will consider the following ansatz [10] 
The equations of motion are
and
To seek the solutions of the equations (7) and (8), we impose the boundary condition at the tip r = r 0 and the boundary r = ∞. Near the boundary, the scalar field ψ(r) and the scalar potential φ(r) behave as
where
is the conformal dimension of the condensation operator O belongs to the boundary field theory,and ψ − and ψ + are the vacuum expectation values for the boundary operator O . µ and ρ are the chemical potential and the charge density,respectively. For simplicity we will take m 2 = − 15 4 , which is above the Breitenlohner-Freedman bound [34] , hence ψ = . In order to have a stable boundary theory, we impose the boundary condition as ψ − = 0 or ψ + = 0 [5] . In this paper, we shall set ψ − = 0 and O = ψ + . At the tip, we have
We can impose the Neumann boundary condition α 1 = β 1 = 0 to make the physical quantities finite. Note that the equations of motion (7) and (8) have the scaling symmetry, (ψ, φ, µ, q, b) → (λψ, λφ, λµ, q/λ, bλ 2 ). Thus we will set q = 1 in the following discussions. Introducing a new variable z = 1/r, we rewrite the equation of motion (7) and (8) into
We use shooting method numerically calculate the critical potential µ c , the condensations of the scalar operators O and charge density ρ for b = 0.01. Then we change Born-Infeld parameter b of the theory, choosing b = 0, 0.1, 0.2, 0.3, find that the result varied so small that we can neglect the effect of Born-Infeld parameter b. It is a somewhat surprising result to us. However, our analytic calculation support this. Now we holographically calculate the conductivity σ(ω) by perturbing the gauge field [5] . To do so, we consider the following ansatz for the gauge field along x direction (16) Neglecting the backreaction of the perturbational field on background metric, one get the equation of motion of A x : Near the boundary(r → ∞), the behavior of the gauge field is
the holographic conductivity is given as follows [11] σ(ω) = −2iA
In the figure 2 we have plotted the behavior of the conductivity for different BornInfield parameter b when the condensation is non-zero, we find a pole at ω → 0 suggesting that we have an infinite conductivity according to the Kramers-Kronig relation as expected for the superconductor phase. We observed the effect of Born-Infield parameter b on the conductivity, the gap frequency becomes larger as Born-Infield parameter b increases. This is different from those of Born-Infeld electrodynamics in Schwarzschild AdS black hole spacetime [22] .
Analytical calculation of the critical chemical potential µ c
From the results of the numerical calculations above, we found there exists a critical chemical potential µ c . When chemical potential µ exceeds this critical value,the solution is unstable and a scalar hair will emerge which means the condensations take place.This is the superconductor phase.For µ < µ c ,the scalar field is zero,which can be viewed as an insulator phase.The critical chemical potential µ c can be obtained by using SturmLiouville (SL) eigenvalue method. When µ ≤ µ c ,the scalar field ψ = 0,Eq.(15) reduces to By substituting φ ′ to a new variable ,the equation will be transformed into a first order ODE of Bernoulli type, see appendix A , and the general solution is
where C 1 and C 2 are the integration constants. The boundary condition (10) near the infinity z = 0 imposes C 1 = 0 which keeps φ a finite value and C 2 = µ. Thus,
When µ → µ c ,we take φ (z) above into the equation (14),thus the equation of motion for ψ becomes
As in [9] ,we introduce a trial function F (z) near the boundary z = 0 which satisfies
We impose the boundary condition for F (z) as F (0) = 1 and F ′ (0) = 0.Thus the equation of motion for F (z) is
Following the standard procedure of Sturm-Liouville eigenvalue problem [35] ,we introduce a new function T (z)
Multiplying T (z) to both sides of the equation of F (z) ,we have
Furthermore we define another two functions U and V as
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Then we can obtain the eigenvalue of µ 2 by substituting U and V into the expression
In order to estimate the minimum value of µ 2 ,we assume the trial function to be F (z) = 1 − az 2 ,where a is a constant.In the normal case ,the r.h.s of µ 2 is an expression of a and other parameters already given as constants, e.g Born-Infeld parameter b in our case. But the problem we are dealing with is a bit different for the expression of µ 2 contains µ as well,
To avoid this difficulty ,we suppose µ on the r.h.s of the above expression to beμ at first, and considerμ as a new constant parameter. Then we can compute the extreme value of µ 2 as we have done in the normal situation. But at this time the values of a corresponding to the extremal eigenvalues of µ 2 are related to the parameterμ, therefore,
At last ,for consistency,μ is required to be µ,and we obtain an equation for µ
where a subscript "m" is added to indicate this is an equation of extreme value µ. For the calculation details, see appendix B. The analytical calculation shows the minimum eigenvalues of µ 2 and the corresponding values of a for different Born-Infeld parameter factor b are almost the same,which is a = 0.330 and µ min = 1.890. We see the analytical results fit perfectly with the numerical ones.
Conclusion
In this paper ,we considered the Born-Infeld electrodynamics in the AdS soliton background.By numerical calculations , we found there exists a critical chemical potential µ c .When the chemical potential µ is lower then the critical chemical potential µ c ,the AdS soliton background is stable and dual field theory can be viewed as an insulator.When µ > µ c ,the background begins to be unstable and a scalar hair will be developed as the condensation, thus can be interpreted as the superconductor phase.So the insulator and superconductor phase transition appeared in the Maxwell electrodynamics also exists in its non-linear extension.We compute the critical chemical potential µ c both analytically and numerically and the results of these two methods fit perfectly good.We also found the effect of different Born-Infeld parameters are very small that even can be neglected.
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A Bernoulli type first order ODE
The standard Bernoulli type ordinary equation takes the form
We make the substitution ξ = φ ′ in the equation (20) which reduces to
It is a Bernoulli type ordinary equation and the idea to solve the equation (34) is to convert it into a linear ODE. Make the substitution
which is a standard linear ODE,and can be solved by the standard procedure.
B Computation of µ min
Substituting U,V into expression (30) ,we get
A(a) = −254592b 2 λ i λ 14 i + 141λ 
